We discuss the entropy-area relation for the small black holes with higher curvature corrections by using the entropy function formalism and field redefinition method. We show that the entropy SBH of small black hole is proportional to its horizon area A. In particular we find a universal result that SBH = A/2G, the ratio is two times of Bekenstein-Hawking entropy-area formula in many cases of physical interest. In four dimensions, the universal relation is always true irrespective of the coefficients of the higher-order terms if the dilaton couplings are the same, which is the case for string effective theory, while in five dimensions, the relation again holds irrespective of the overall coefficient if the higher-order corrections are in the GB combination. We also discuss how this result generalizes to known physically interesting cases with Lovelock correction terms in various dimensions, and possible implications of the universal relation.
I. INTRODUCTION
Black hole is a fascinating object in gravity which opens a window to shed light to some quantum effects of gravity. In particular, black hole behaves like a thermal system which can be described by macroscopic quantities such as temperature and entropy. The existence of Hawking temperature indicates that the black holes emit thermal radiation due to the quantum effect, just like the usual thermodynamic objects. In Einstein's general relativity, the black hole entropy is given by quarter of the area of the event horizon, S BH = A/4G, known as the Bekenstein-Hawking entropy-area formula, which inspires the proposal of holographic principle of gravity [1, 2] .
Extremal charged black holes with degenerate horizon are particularly simple and crucial in studying many aspects of gravity. In string theory, extremal black holes are some configurations which generally preserve partial supersymmetry. For the thermal property, extremal black holes have zero temperature and therefore are thermodynamically stable. For some extremal black holes, generically with the dilaton filed, the degenerate horizon shrinks to a point (thus the horizon area vanishes) and the singularity is not protected by a regular horizon to asymptotic observer. This type of classical solutions is called "small black hole" [3] . If we naively apply the Bekenstein-Hawking entropy-area formula, the entropy of small black holes vanishes and the expected quantum degrees of freedom seem to totally "disappear". This discrepancy comes from the fact that the general relativity is only a classical effective theory of quantum gravity. It has been pointed out that for such kind of black holes, higher curvature corrections inspired by the low-energy effective action of quantum theory of gravity, such as Gauss-Bonnet (GB) and Lovelock terms etc, are expected to stretch the horizon and reproduce correct entropy corresponding to the microstate degrees of freedom [3] . In this case, the Bekenstein-Hawking entropy-area relation, S BH = A/4G, breaks and should be significantly revised by the higher curvature terms and could be obtained by Wald's entropy formula [4, 5, 6] . The near-horizon geometry of small black holes is AdS 2 × S D−2 after "stringy cloaking" and, for this kind of geometry, recently Sen has developed an elegant approach, the so-called entropy function formalism, to calculate the entropy coming from higher curvature corrections [7, 8] . (See [9] for a review on this topic.) Following Sen's entropy function approach, various extremal black holes were investigated, including the two-charge small black holes from heterotic string compactified on S 1 × T 9−D with momentum n and winding w on S 1 in which the statistical entropy can be explicitly computed as S statistic = 4π √ nw [10, 11, 12, 13, 14, 15] . Among numerous investigation of small black holes, there is an interesting general property first observed in [13] and later in [14, 16, 17] : the black hole entropy and the area of stretched horizon are related as
This adjusted relation indicates that the higher curvature terms contribute equal amount of entropy as HilbertEinstein action (scalar curvature). This is an important observation and it is natural to ask how general or universal this revised relation (1) is between the entropy and horizon area and what the physical implications behind the relation are, if any. This is the basic motivation of this paper. As a simple example, in Sec. II we first investigate the single-charge extremal black hole in four-dimensional dilaton gravity with general quadratic curvature corrections. We find that the relation (1) is indeed universal; it is always true irrespective of the coefficients of the higher-order terms if the dilaton couplings are the same, which is the case for string effective theory. In Sec. III we generalize the analysis to arbitrary dimensions and find a constraint on the coefficients of Ricci and Riemann square terms for the universal ratio (1) . In five dimensions, we find that the relation is again universal irrespective of the overall coefficient if the higher-order corrections are in the GB combination. This may be interpreted as another evidence why the higher-order corrections in string theory should be in this GB combination, in addition to the known argument of no-ghost condition [18] . These results obtained in Secs. II and III are reproduced by using the field redefinition method in Appendix A, and there we also show why the entropy of small black hole with near-horizon geometry AdS 2 × S D−2 is always proportional to its horizon area. We then generalize our study to the Lovelock gravity with one gauge field in Sec. IV. In four and five dimensions, there are only GB terms with common dilaton couplings, and we are uniquely lead to the universal relation (1) . It is then natural to examine how this result may be extended to higher dimensions with more Lovelock terms. It turns out that this demands relations between the coefficients for higher-order terms, as given in [19] . We also discuss more general solutions in this type of theories. Two-charge case is discussed in Appendix B.
It is worth pointing out that for the particular classes of black holes in which the microstate counting is available, we find that the macroscopic entropy satisfies the universal ratio (1) [19] .
1 This suggests that the ratio (1) may be an important physical principle. How about the inverse statement: can the requirement that entropy-area ratio (1) be universal lead to the macroscopic entropy matching the statistical entropy? In Sec. V, we examine this issue by looking at two-charge extremal black holes with only quadratic curvature corrections. If we assume the ratio (1) as a priori requirement, then the corresponding macroscopic entropy almost matches the degrees of freedom from microstate counting up to an overall numerical factor. It is interesting that this normalization factor is universal independent of spacetime dimensions. However our result so far is based only on one example. It would be interesting to find more evidence for this conjecture. Sec. VI is devoted to conclusion and discussion.
II. UNIVERSALITY IN D = 4 DILATON GRAVITY WITH QUADRATIC CURVATURE TERMS
As a first example, let us consider the four-dimensional dilatonic Einstein-Maxwell gravity including most general quadratic curvature corrections, scalar curvature square, Ricci tensor square and Riemann tensor square, with arbitrary coefficients a, b, c and dilaton couplings α 1 , α 2 and α 3 . The action reads
We should note that α = α 1 = α 2 = α 3 is valid for the low-energy effective theories of heterotic strings. The near-horizon geometry of a small black hole is supposed to have AdS 2 × S 2 geometry with constant dilaton and gauge fields (only electric here)
There are four parameters characterizing this near-horizon solution 2 : v 1 and v 2 are squares of radii of AdS 2 and S 2 , e is the gauge field strength and φ s is the magnitude of dilaton filed. The measure of volume element is √ −g = v 1 v 2 sin θ. The following geometrical and physical quantities can be computed straightforwardly. The Riemann curvature tensors for AdS 2 and S 2 are
and the Ricci tensor and scalar curvature are
The associated quadratic combinations of curvature and the field strength square F 2 are
Here we have used the notation that the upper case indices A, B, . . . run over the whole spacetime, while α, β, . . . over the AdS space and m, n, . . . over the sphere. This notation is used throughout this paper. The entropy of small black holes can be derived from the entropy function f defined by [9] I = dtdrf,
which is basically the integration of the Lagrangian over the spherical part of geometry. The explicit form of the entropy function in this particular theory is
The physical charge q corresponding to the field strength e at the horizon is given by [9] 
The values of v 1 , v 2 and φ s are determined by extremizing the entropy function, i.e. by the following equations
and the black hole entropy can be obtained from the entropy function by a Legendre transformation with respect to the physical charge:
The solution to the set of equations (10) is
The remaining part of the solution depends on the values of parameters in the Lagrangian and there are three cases to be distinguished. 
which should be understood as an equation for determining φ s as a function of the physical charge q but it is generally difficult to give its explicit form. The area is given by
and the entropy is
Therefore, the entropy-area relation is
For fixed coefficients a, b, c and exponents α, α 1 , α 2 and α 3 , φ s is a function of the physical charge q. It can be checked by using Eq. (13) that the square bracket in Eq. (16) is constant only for α 2 = α 3 . Then the entropy is always proportional to the area irrespective of the coefficients a, b, c and exponents α's, a manifestation of holographic principle. Note that the relation (16) is independent of the value of α 1 . This is because the contribution of the scalar curvature vanishes in the solution.
The fact that the entropy is proportional to the area may appear somewhat trivial for the spherically symmetric small black holes. However we emphasize that Eq. (16) does not mean the proportionality. Given the entropy and the area expressed in terms of solutions, we can formally write their relation like Eq. (16), but it has to be checked whether the coefficient is a constant or not. Indeed, in our above example, we have shown that we must have α 2 = α 3 ; otherwise the coeffcient changes when we change the physical charge. We cannot say that they are proportional for such a general case.
In the string effective theory, α = α 2 = α 3 and the relation (16) reduces to the universal one (1). The relation (1) is universally true irrespective of the precise values of the coefficients a, b, c and exponents α's, and only the relative magnitudes of the exponents α's are important. In particular, it is not necessary that the higher-order corrections are in the GB combination. Thus the dilaton coupling appears to automatically adjust these values to produce the universal result (1) in string theories. Here we can solve Eq. (13) for φ s to obtain
2. α 3 = 0:
We have basically the same equations as in item 1 with (α 2 , b) and (α 3 , −2c) interchanged, and get the universal relation (1) for α = α 2 = α 3 .
In this case, the last equation of (10) 
For the case v 2 = 0 and α = 0, which amounts to φ s → α × ∞ from (12) (the exceptional case is neutral solution q = 0 which is not of our interest), both area and entropy vanish. The near-horizon geometry (3) is not valid in this case, and we expect that further higher curvature corrections are necessary.
For the other case α = 0, the dilaton is completely decoupled and the system is not of our interest. Nevertheless, let us see what we get. The horizon area and the entropy are given by (this is the only case in which f = 0)
independently of the value of α 1 . We find the entropy-area relation
When the higher-order corrections are absent, this gives
which is nothing but the result for Einstein gravity.
Because the scalar curvature vanishes in the solution, their corrections do not play any role in the above evaluation. So the above results are always valid even if other higher-order corrections in the scalar curvature are added to the action (2) n=2 c n e αnφ R n .
We have thus found that small black holes in four dimensions are very special in that they have the universal relation (1) for arbitrary combination of the curvature square terms, not just for the GB combination as usually supposed to be. We will see that this is no longer true in higher dimensions with higher curvature corrections. However if we consider Lovelock type corrections, we get the relation (1).
III. ARBITRARY DIMENSIONS
In this section, we examine the entropy-area relation for the general theory in arbitrary D dimensions with the action
The extremal black holes in D dimensions are assumed to have near-horizon geometry AdS 2 × S D−2 and the relevant geometric quantities are
It is straightforward to compute the entropy function
where
2 ) is surface area of unit sphere S D−2 . The relation of physical charge q and the field strength e is e = 16πGv 1
In general, it is complicated to find the extremal value of f for arbitrary dilaton couplings. For simplicity we focus on the special case of string effective theory in which α 1 = α 2 = α 3 = α (all dilaton couplings are equal). The conditions for f to have extremal value give the relation
which implies vanishing scalar curvature, R = 0, and the constants v 1 and φ s must satisfy the equations
Note that ∂f /∂φ s = 0 implies either α = 0 in which dilaton is totally decoupled (and we are not interested in this) or f = 0. The explicit solutions for v 1 and φ s are complicated. However, the explicit forms are not essential for deriving the entropy-area ratio. The area of event horizon is
and the entropy is (f = 0)
Thus the entropy-area relation is
We thus again find that the entropy is always proportional to the area irrespective of the coefficients a, b, c and exponents α's. We can derive this relation from the Bekenstein-Hawking formula by field redefinition (see Appendix A). Let us also check when we get the relation S BH = A/2G. It turns out that we must have either D = 4 or
This means that the corrections are in the GB combination for D = 5. In this case, only the relative magnitudes of the coefficient are determined and the universal relation (1) is true irrespective of the overall factor. If we regard the universal relation as a physically important principle, this might be another evidence why the higher-order corrections must come in the GB combination in string effective theories in addition to the ghost-free condition [18] . For theories in D > 5, (34) does not give the GB combination. Does this mean that the relation (1) is not valid in dimensions higher than five? Considering that GB term is the leading correction in heterotic string theory, this problem gets physical interest. Rather than hastily jumping to such a conclusion, we suggest that this is an indication that we should consider more higher curvature corrections, such as the Lovelock terms. We are now going to consider this possibility and see that indeed we can obtain the relation (1) in higher dimensions.
IV. LOVELOCK GRAVITY
In this section, let us consider the dilatonic Einstein-Maxwell theory with Lovelock higher curvature corrections. In the string frame, the action is
where S on the rhs is the dilaton field. The leading term in the Lagrangian is
and the higher-order terms are
where λ m are dimensionless parameters. This action, written in the string frame, is a generalization of those actions considered in the previous sections to higher dimensions with higher curvature terms for equal dilaton coupling. The entropy function for the black hole with AdS 2 × S D−2 near-horizon geometry is [19] 
where u S is the near-horizon value of dilaton field S. Here the Hilbert-Einstein term (scalar curvature) is included as the m = 1 term by defining λ 1 = 1. The summation in the entropy function (38) can be rearranged in terms of power of v 2 as
where the coefficients K m , functions of v 1 , are
The equation ∂f /∂u S = 0 for extremal value of f requires f = 0,
and the equation ∂f /∂v 2 = 0 gives
The last equation ∂f /∂v 1 = 0 is more complicated
Finally, the value of u S is determined from the physical charge defined by
Now our goal is to solve equations (41)-(44) to find the values of u S , v 1 , v 2 and e in terms of the physical charge q and the parameters λ m 's in the theory. Formally the horizon area and the black hole entropy (f = 0) can be expressed as
and the ratio is
Here again the entropy is proportional to the area. Note that here the universal relation (1) is equivalent to
In D = 4, 5, there are only GB terms. Let us first consider D = 4 though this is a special case of those discussed in Sec. II. From Eqs. (42) and (41), we find
which already assures that the universal relation (1) holds in this case (see (46)). The remaining Eq. (43) then gives v 2 as
The dilaton field can be determined as u s = Gq/(4α ′ λ 2 ) through (44). Thus all moduli fields are given in terms of the physical charge q and the parameter λ 2 . Note that here the relation S = A/2G is independent of the value of λ 2 , namely, λ 2 can be arbitrary, in agreement with the result in Sec. II.
Next for the case D = 5, we obtain
and v 2 = 12α ′ λ 2 . Thus, once again, we have the universal relation (1) irrespective of the value of λ 2 , in agreement with the results in Sec. III. Of course, if we want to match the result with the microstate counting, the value of λ 2 should be fixed in some way (see for example, [19] or [22] where λ 2 is determined to be When we go up to D = 6 and D = 7, the next Lovelock term contributes. We know from Eq. (45) that if one requires that the entropy should be independent of the spacetime dimension, 4 e must be independent of the dimension (note that q is a physical charge, which is an input quantity). On the other hand, since we already know that K 2 = 0 from the case of D = 4 and 5, we conclude that K 3 = 0 from Eq.
(42). The only solution of Eq. (41) is then v 1 = 4e
2 , which is independent of the spacetime dimension. We thus come back to the universal result (1), again whatever the value of λ 2 is. We see that this is the value that new higher-order correction does not modify the solution for the lower-dimensional solutions. The condition K 3 = 0 gives
Combined with Eq. (48), Eq. (51) leads to
so that we can see that only λ 2 is a free parameter. As we have observed, the solution v 2 depends on dimension D, but v 1 does not. It is natural to take the value of v 1 as it is in all dimensions [19] . Under this condition, Eqs. (41) and (42) determine the solution 5 by K m = 0 for m ≥ 2, which completely fix all other λ m by λ 2 via
where we also used the result (48). Obviously the universal relation S BH = A/2G still holds by (46) and (47). Note that v 2 is determined by Eq. (43) and it is easy to show that it has at least one positive solution. This point will be discussed later in more general context. The relation (48) also indicates that e is not a free parameter but its value is fixed by parameters α ′ and λ 2 in the Lagrangian. Thus the value of e does not appear to contain any information on the magnitude of charge. This seems peculiar since e is the value of F tr at horizon. This strange result is due to the fact that the dependence of field strength on charge parameter is hidden in the string frame by the coupling of the dilaton. From Eq. (44), one can see that the value u S of the dilaton at horizon actually carries the charge information. The relation between the field strength and charge becomes more transparent if the solution is presented in the Einstein frame.
Finally we note that there may be other possibility for achieving the relation S BH = A/2G if we do not require that the coefficients be determined step by step from lower dimensions to higher dimensions as above. For example, consider D = 10 with free parameters λ 2 , λ 3 and λ 4 . Let us take λ 2 = 1 8 and λ 3 = 0, which are the known values for these in string theory [22] . To have the relation S BH = A/2G, we must have v 1 = e 2 /4 and the extremal conditions of the entropy function give
Thus the relation (1) is possible in arbitrary dimensions by adjusting λ's even if we do not require λ's are determined in lower dimensions. These values need not be taken serious because it is known that there are other corrections in the order of R 4 in the heterotic strings [22] . (The string case in higher dimensions is beyond the scope of this paper and may be a subject of future study.) We now discuss this kind of general solutions in more detail.
B. General solution
In this section, we show that we can formally solve Eqs. (41)- (44) for u S , v 1 , v 2 and e, and obtain positive v 1 and v 2 . Eliminating e 2 , which contains u S , from Eqs. (41) and (43), we find
This equation is rewritten as
Now Eq. (43) has a simple expression
and Eq. (42) can also be rewritten in the form of
Eliminating v 1 from Eqs. (56) and (59), we find the equation for v 2 as
whose explicit form is
The equation F (v 2 ) = 0 is the (2[D/2] − 3) order algebraic equation for v 2 . Once we find the solution for v 2 , we obtain the solutions for v 1 and u S as
Hence if there exists a solution of F (v 2 ) = 0 for v 2 , we obtain the solution for any coupling constant λ m and any charge q.
Here let us give two simple examples.
Case of [D/2] = 2 (D = 4 or 5):
The equation for v 2 is very simple and the solution is
F (v 2 ) = 0 gives the cubic equation for v 2 as
In general, it is difficult to obtain an explicit solution of v 2 from F (v 2 ) = 0. Now, for this solution to be acceptable, we must show that there exists at least one positive solution for
Because the continuous function F (v 2 ) changes from negative value at v 2 = 0 to infinity at v 2 = ∞, we have at least one positive solution for v 2 when this last condition is satisfied.
As for the entropy, inserting our solution into the definition S = 2πeq, we have
We can reproduce our earlier results using these formulae. We see from Eq. (57) that B 1 > 1 if λ m 's are all positive.
V. MATCHING MICROSTATE COUNTING
In this section we elaborate on the connection between the entropy-area relation (1) and the microstate counting. We consider a theory with two gauge fields in any dimension. The statistical entropy of this theory is known and it has been verified that the microstate entropy can be reproduced from gravity side, for example by including Lovelock corrections with an appropriate tuning of coefficients [19] . Here we would like to change our viewpoint to a different side. We include only general quadratic curvature corrections and check whether the entropy-area relation (1) leads to the statistical entropy. The action under consideration in the string frame is
and the near-horizon data are exactly the ones in the previous sections. The entropy function is
The physical charges are
and the solution for an extremal f is, for D = 4,
and for D > 4
Since f = 0, the entropy and area (in the Einstein frame) are
and they are related by
For D = 4, we have v 1 = 2e 1 e 2 , therefore the relation S BH = A/2G holds independently of the values of a, b, c and the value of entropy S BH = 4πu S e 1 e 2 /G. Moreover, from the relation [19] 
we have
The entropy can be expressed in terms of the momentum n and winding number w as
From this check, we conclude that the entropy-area relation (1) can lead to the black hole entropy to match the statistical entropy up to a numerical factor. In order to fix this numerical factor we should require b − 2c = 1/4 to match the microstate counting S = 4π √ nw. It is interesting, as we will see, this same additional requirement is also necessary in any dimension.
For a general dimension, we have
The entropy is
In order to match the microstate counting, we should have ∆ = 1/4. Moreover, if we first require the condition S BH = A/2G, then we have relation v 1 = 2e 1 e 2 , which gives (D − 3)b = 2(D − 1)c, this is identical to the result (34) for the single charge case. But note that it is not sufficient to make ∆ = 1/4. Therefore, it seems that the condition S BH = A/2G and matching to microstate counting in general are two independent requirements when we consider quadratic correction. When D = 4 or 5, however, if
these quadratic curvature terms in the action can be written in the GB combination. In that case, we have S = A/2G for both D = 4 and 5. On the other hand, ∆ = 1/4. Thus S BH = A/2G matches the microstate counting. Note that c = 1/8 from (81) just gives λ 2 = 1/8 in the previous section, while the latter is predicted by heterotic string theory. Finally, let us note that an interesting general feature appears once we demand the ratio of entropy and area (1) . Under this condition, we have (D −3)b = 2(D −1)c and then ∆ = b−2c, which is independent of spacetime dimension. Thus the matching condition, b − 2c = 1/4, yields
Although Eq. (82) gives the GB combination only when D = 5, we expect this argument to reproduce statistical entropy can apply to other cases. On the other hand, if we include higher-order Lovelock terms as in [19] , the universal entropy-area relation (1), S BH = A/2G, can be matched to the microstate counting, as is shown in Appendix B.
VI. CONCLUSION
In the Einstein gravity, the entropy of black holes is universally given by the so-called area formula S BH = A/4G. However it is well known that the area formula no longer holds in general if one considers higher-order curvature correction terms. Still one can calculate black hole entropy by employing the Wald's entropy formula in the higherorder derivative gravity theories. To calculate black hole entropy using Wald's entropy formula, one has to know the black hole solution. In general, however, it is difficult to find analytical black hole solutions in higher-order derivative gravity theories. The entropy function method proposed by Sen is a powerful approach to get the entropy of black hole with higher-order curvature corrections.
In this paper we showed that the entropy of small black holes with near-horizon geometry AdS 2 × S D−2 is always proportional to its horizon area by employing the entropy function method and field redefinition approach. In particular we found a universal result that the ratio is two times of Bekenstein-Hawking entropy-area formula in many cases of physical interest, namely S BH = A/2G. In four dimensions, the universal relation always holds irrespective of the coefficients of the higher-order terms if the dilaton couplings are the same, which is the case for string effective theory, while in five dimensions, the relation is again universal irrespective of the overall coefficient if the higher-order corrections are in the GB combination. We also discussed how this result generalizes to known physically interesting cases with Lovelock correction terms in various dimensions. In the Lovelock gravity with two gauge fields, the requirement to match the microstate counting of black holes is consistent with the universal entropyarea relation, S BH = A/2G. Based on the results derived in the present paper and those in the literature, one expects that the relation S BH = A/2G might be a guidance to match the microstate counting of small black holes. Of course, to confirm this conjecture, more evidence needs to be accumulated.
It would also be interesting to generalize our results to more general black hole solutions like those with deformed horizons.
APPENDIX A: AREA OF HORIZON AND FIELD REDEFINITION
Here we derive the entropy-area relation including higher curvature corrections from the Bekenstein-Hawking formula by a field redefinition. Suppose we have a model with Lagrangian given by an arbitrary function F of Ricci tensor R AB , i.e.
where ψ denotes matter field. Introducing the new metric, which is a kind of field redefinition, as
we can rewrite our system as the Einstein equations with respect to q AB , and g AB behaves as a spin 2 tensor field [20] . The explicit form of q AB is not important in calculation of black hole entropy. In this Einstein frame (we call it qframe), we have the Bekenstein-Hawking formula, that is, S BH = A q /4G [21] , where A q is the area of a black hole in q-frame. Using Eq. (A2), we find the entropy-area relation in the original g-frame. Note that black hole entropy is invariant under the frame transformation.
Let us discuss a concrete example. We first consider the model in Sec. III with c = 0. In this case, we find
Using the near-horizon solution (24) and (28), we find
These relations can be rewritten as
The area is given by det(g mn ) in g-frame and by det(q mn ) in q-frame. Hence we obtain the relation between two areas A q and A g as
From Eqs. (29) and (30), we find
Then we have
Since we have the Bekenstein-Hawking entropy formula in q-frame, we therefore obtain
We recover (33) for c = 0. If we have Riemann tensor in the action, we cannot use this method to calculate black hole entropy in general. However, if we restrict our spacetime to the present metric form, i.e. AdS 2 × S D−2 near horizon, we have only two metric constants v 1 and v 2 , and then we can write the Riemann curvature in terms of the Ricci and scalar curvatures. Hence we find the effective action only with the Ricci and scalar curvatures, which is equivalent to any model with Lagrangian given by an arbitrary function F of Riemann tensor R
APPENDIX B: MATCHING THE MICROSTATE COUNTING WITH THE RELATION SBH = A/2G FOR TWO-CHARGE SYSTEM
In [19] , Prester considered small black holes in Lovelock gravity with two gauge fields. The action is
where S is the dilaton. The leading term in α ′ given by [3]
where λ m are dimensionless parameters. By entropy function method, it turns out that if one chooses the following set of parameters
the microstate entropy S = 4π √ nw of the small black hole with two charges can be reproduced by the gravity entropy of the black hole in the action (B1) in any dimension. Here we would like to give a simple proof that the choice (B4) is consistent with the entropy-area relation (1), S BH = A/2G.
With the data of the near-horizon geometry AdS 2 × S D−2 , the entropy function is easy to calculate as [19] Note that ∂f /∂u S = 0 and ∂f /∂u T = 0 give us
∂f /∂v 2 = 0 leads to ∂g/∂v 2 = 0, and the latter gives
By definition, we have the physical charges q 1 and q 2 as 
where we have used the relation u 2 T = e 2 /e 1 . Furthermore, combining (B6) with (B7) yields
Thus we can obtain the value of dilaton on the horizon through (B8) as
√ nw where we have used the relations, q 1 = 2n/ √ α ′ and q 2 = 2w/ √ α ′ . The horizon area in the Einstein frame is
while the gravity entropy of the black hole turns out to be S BH = 2π(e 1 q 1 + e 2 q 2 ) = 4π √ nw = A/2G.
Thus without knowing v 2 , we show S BH = A/2G. Indeed, the parameters given in (B4) just corresponds to the choice with λ 2 = 1/8 in (53).
